Abstract. We introduce a new method to transform a knot diagram into a diagram of an unknot using a polynomial representation of the knot. Here the unknotting sequence of a knot diagram with least number of crossing changes can be realized by a family of polynomial maps. The number of singular knots in this family is defined to be the singularity index of the diagram. We show that the singularity index of a diagram is always less than or equal to its unknotting number.
Introduction
Distinguishing knots up to ambient isotopy is still a major task amongst knot theorists. Many knot invariants have been invented for this purpose. They are either numbers or polynomials or some algebraic structures. However, an invariant is useful only if it is computable. Unknotting number of a knot is one such knot invariant. This is a number, that can be easily defined (cf. [4] ), but is hard to compute. For a very long period of time knot theorists had no general method for finding the unknotting number of knots except when its value is 1. Using the techniques of 4-dimensional topology Peter Kronheimer and Tromasz Mrowka [5] proved a 40-year old conjecture due to John Milnor [3] regarding the unknotting number of all torus knots of type (p, q), which says that unknotting number for all torus knots of type (p, q) (p and q being co-prime) is (p − 1)(q − 1)/2. This was later proved by Rasmussen using Khovanov Homology [6] . For other classes of knots nothing very significant can be said.
In this paper, we have made an attempt to compute the unknotting number of knot diagrams using their polynomial representations. We know that the classical knots in S 3 can be realized as one point compactification of some proper and smooth embedding of R in R 3 and a three dimensional plot of such embedding, when viewed on a suitable plane, represents a knot diagram of an open knot. It has been proved that, given any open knot diagram, one can choose an embedding of the form t → (f (t), g(t), h(t)), where f (t), g(t) and h(t) are real polynomials, that represnts this diagram. Using such a polynomial representation we define an unknotting operation in a knot diagram with the hope that it will help in the computation of unknotting number. We prove (in Proposition 2.8) that given a polynomial knot φ : R → R 3 , there exists a continuous one parameter family of polynomial maps P s which are immersions from R to R 3 such that P 0 = φ and P R represents an unknot for some R and the projections of each P s for 0 ≤ s ≤ R are identical. Thus the given knot is transformed into an unknot by making the changes in the nature of crossing. During this homotopy each time when we pass through a singular knot, the knot type changes. We observe that, this provides us the exact information regarding the order in which the crossings are switched. Each switch in a crossing corresponds to some P s which is not an embedding, i.e., is a singular knot. As the deformation takes place inside a compact set the number of singular knots in this deformation is finite and we define it to be the polynomial singularity index of the polynomial knot. The minimum of all polynomial singularity index over all polynomial representations representing a specific knot diagram is defined as the singularity index of that knot diagram. The minimal singularity index of all knot diagrams of a knot K is defined as the singularity index of the knot K. The singularity index of a knot is difficult to compute. However the singularity index of a knot diagram can be computed easily by the method described here. We prove that the singularity index of a knot diagram is always less than or equal to its unknotting number.
This paper is organized as follows: In Section 2, we provide the basic background regarding polynomial knots which is relevant in the context of this paper. In Section 3, we define the singularity index of a knot and at the end we prove the main theorem. In Section 4, we compute the singularity index of a few knot diagrams using their polynomial representation constructed by us in our earlier work.
Polynomial Knots
Definition 2.1: By a polynomial knot we mean an embedding ϕ : R → R 3 defined as φ(t) = (f (t), g(t), h(t)), where f (t), g(t) and h(t) are real polynomials. Definition 2.2: Two polynomial knots ϕ 0 and ϕ 1 are said to be P-isotopic if there exists a one parameter family {p s , 0 ≤ s ≤ 1} of polynomial knots (embeddings)such that p 0 = ϕ 0 and p 1 = ϕ 1 . This family {p s , 0 ≤ s ≤ 1} is called a P-isotopy between ϕ 0 and ϕ 1 . Definition 2.3: Two polynomial knots ϕ 0 and ϕ 1 are said to be P-regular isotopic if there exists a one parameter family {p s , 0 ≤ s ≤ 1} of polynomial knots (embeddings) such that p 0 = ϕ 0 and p 1 = ϕ 1 and the knot diagrams of each p s in this family differ from each other by Reidemister Moves (2) and (3) ( cf. [4] ) only. This family {p s , 0 ≤ s ≤ 1} is called a P-regular isotopy between ϕ 0 and ϕ 1 .
It is easy to check the following remarks.
Remark 2.4:
1. Given a polynomial knot t → (f (t), g(t), h(t)), up to P-isotopy we can always assume that the degree of h(t) is odd and its leading coefficient is positive.
2. The set of ambient isotopy classes of open knots is in bijective correspondence with the set of P-isotopy classes of polynomial knots.
3. Every polynomial knot is P-isotopic to some polynomial knot defined as
, where f (t), g(t) and h(t) are real polynomials such that the map t → (f (t), g(t)) from R to R 2 is a generic immersion, i.e., the projection of φ into xy plane is a regular projection, degree of h(t) is odd, leading coefficient of h(t) is positive and for each parametric value t corresponding to a double point in this regular projection h(t) < 0 for an under crossing and h(t) > 0 for an over crossing. A polynomial knot with this property will be referred to as a good polynomial knot.
Given a good polynomial knot t → (f (t), g(t), h(t))
there is a naturally associated knot diagram drawn on xy plane.
Definition 2.5: Two polynomial knots ϕ 0 and ϕ 1 are said to be strongly P-regular homotopic if there exists a one parameter family {p s = (f s , g s , h s ), 0 ≤ s ≤ R} of polynomial maps from R to R 3 such that p 0 = ϕ 0 and p R = ϕ 1 and for each 0 ≤ s ≤ R, the maps t → (f s (t), g s (t)) have the same crossing data, i.e., the pairs (t 1 , t 2 ) for which f s (t 1 ) = f s (t 2 ) and g s (t 1 ) = g s (t 2 ) is same for all s ∈ [0, R].
Thus if two polynomial knots are strongly P-regular homotopic then their diagrams differ from each other only in terms of difference in the nature of crossings i.e., the diagram of the other polynomial knot can be obtained by changing some over crossings in first diagram into the under crossings or vice-versa.
Let (f (t), g(t), h(t)) be a good polynomial knot. Let (s i , t i ) be the parameters where there is a crossing, i.e., f 
.
Thus in this case it turns out that the δ invariant is equal to
. The δ invariant of a plane curve which is singular at origin measures the number of double points that can be created in a neighborhood of the origin. Note that, we have δ ≥ n. If δ = n, by a result of real algebraic geometry by A'Campo [1] we can deform the curve C into a new curveC : (
thatC has all δ = n real nodes near origin. If δ = n + r, then we can use a result of Daniel Pecker [13] to deform the curve
such thatC has n real nodes and r imaginary nodes. By continuity argument, we can choose the coefficients a i s and b i s such that the nodes occur in the order they are in the regular projection of the given knot. Suppose the n crossings occur at the parametric values (s 1 , t 1 ), (s 2 , t 2 ), . . ., (s n , t n ) and the crossing data in diagram D is such that in the pairs (s i , t i ) the point corresponding to t = s i is above the point corresponding to t = t i . Thus for an over crossing s i < t i and for an under crossing t i < s i . Choose real numbers a i and b i for i = 1, 2, . . . , n such that the numbers
Here we have n − 1 inequations in 2n variables and thus we can find infinitely many solutions for a i and b i . After choosing a i s and b i s, we consider a polynomial
We want to choose the coefficients α 1 , α 2 , . . . , α 2n such that h σ (s i ) = a i and h σ (t i ) = −b i . Note that the values of s i and t i are known. Thus these conditions will result into 2n linear equations in 2n variables α 1 , α 2 , . . . , α 2n . This system of linear equations will be of the form
The coefficient matrix of this system has determinant
Here each s i s and t i s are distinct and also each s i = t j . By perturbing the coefficients of the polynomials f (t) and g(t) we can ensure that each s i and t i is nonzero. Thus we can always find a solution for the above system of linear equations. This polynomial h σ (t) will provide the over/under crossing information as well as m i (h σ ) will satisfy the order σ. Also the polynomial h σ (t) has positive leading coefficient and its degree is odd. This completes the proof. Our next aim is to show that given a knot diagram of a polynomial knot we can realize an unknotting sequence of knot diagrams by a one parameter family of polynomial knots. For that we will first prove the following: Lemma 2.7: Let p(t) be an even degree polynomial, with leading coefficient positive, over the field of real numbers. Then there exists some R > 0 such that p(t) + R > 0 for all t ∈ R.
Proof: Since the degree of p(t) is even and the leading coefficient is positive we can find a closed interval [a, b] such that p(t) > 0 for all t outside [a, b] . Thus, all the points where p(t) can be negative lies inside the closed interval [a, b] . Consider the function q : [a, b] → R defined as q(t) = |p(t)|. q is a continuous function on a compact set and hence will attain its maxima. Let M be the maximum value of q(t) over the interval [a, b] 
i.e., p(t 0 )+R > 0. Thus we have proved that p(t)+R is always positive for all t ∈ R. Proposition 2.8: Every polynomial knot is strongly P-regular homotopic to a polynomial unknot.
Proof: Let ϕ : R → R 3 be a polynomial knot defined as ϕ(t) = (f (t), g(t), h(t)). We can assume that ϕ is a good polynomial knot, i.e., the map t → (f (t), g(t)) is an immersion and the polynomial h(t) has positive coefficient with deg(h(t)) is odd. For each s ∈ R consider a family of maps Φ s :
The proposition now follows from the following two claims.
Claim 1. For each s ∈ R the map φ s (t) = (f (t) + s, g(t) + s, h(t) + s 2 t) is an immersion and the maps t → (f (t) + s, g(t) + s) have the same crossing data as that of t → (f (t), g(t)).
For each s the derivative map is φ s (t) = (f (t), g (t), h (t) + s 2 ) and as φ(t) = (f (t), g(t), h(t)) is an embedding with t → (f (t), g(t)) an immersion it follows that t → (f (t) + s, g(t) + s) is an immersion. Also by solving algebraically for crossings we can see that they have the same crossing data as that of t → (f (t), g(t) ). This proves Claim 1.
Claim 2.
There exists some real number R ≥ 0 such that for s ≥ R the maps φ s : R → R 3 represent the trivial knot.
Consider the map t → (f (t) + s, g(t) + s, h(t) + s 2 t).
If h (t) is always positive, i.e., h(t) is monotonically increasing then the knot given by t → (f (t), g(t), h(t)) is itself a trivial knot and hence there is nothing to prove as we can take R = 0.
Consider the case when h (t) is not always positive. Now, here we have assumed that the degree of the polynomial h(t) is odd. Let h 1 (t) = h (t). Here h 1 (t) is an even degree polynomial with positive leading coefficient. By Lemma 2.7, we can find some M > 0 such that This proof demonstrates that we have a continuous map Φ : 
(t), h(t)), is the given knot and Φ(t, R) = (f (t) + R, g(t) + R, h(t)
+ R 2 t) is a trivial knot and for each s∈ [0, R] the map Φ(t, s) = (f (t) + s, g(t) + s, h(t) + s 2 t) is an immersion.
Definition 3.2:
The unknotting number of a knot K is defined as the minimal number of crossing changes required among all possible diagrams of K to be able to convert it into the unknot. It is a knot invariant and is denoted by u(K).
Definition 3.3: Let a polynomial knot φ be defined by φ(t) = (f (t), g(t), h(t)),
with say n crossings. Let R be the least positive real number such that the map Φ s : R −→ R 3 defined by t → (f (t) + s, g(t) + s, h(t) + s 2 t) represents a trivial knot for s ≥ R. Then the minimum number of singular values, i.e., the values of s ∈ [0, R] for which the map Φ s is a singular knot, is defined as the Singularity index of the polynomial knot φ denoted by SI φ . 
. , n} let P σ : t → (f (t), g(t)
, h σ (t)) denote a polynomial knot that represents the diagram D and for which the m i (h σ ) defined in Proposition 2.6 satisfy the order σ. It is easy to check that
Since there are finitely many σ we can easily compute SI(D) for a given knot diagram D.
Definition 3.6:
The minimum value of all SI(D), minimum taken over all knot diagrams that represent a knot K is defined as the singularity index of the knot K and is denoted by SI(K).
Remark 3.7:
1. The singularity index SI(K) of a knot is a knot invariant.
2. The singularity index of the unknot is zero.
For any nontrivial knot K, SI(K) ≥ 1.

Theorem 3.8: The singularity index of a knot diagram is less than or equal to its unknotting number.
Proof. Let K be a knot. Let " φ : R → R 3 defined by φ(t) = (f (t), g(t), h(t))" be a polynomial representation of K and D K is the knot diagram of K represented by φ. From Proposition 2.8 φ is strongly-P-regular homotopic to a polynomial unknot. Let R be the smallest real number such that the polynomial knot φ , t j ) is an under crossing in this embedding. Thus in the transformation from φ to φ s the crossing (s j , t j ) has been switched from an over crossing to an under crossing. If our polynomial embedding represents a symmetric diagram of the knot in the sense that if (−s j , t j ) is a crossing the (−t j , s j ) is also a crossing, then in this transformation for s > s 0 both the crossings corresponding to (−s j , t j ) and (−t j , s j ) will switch from over to under crossing. Thus, in the P-regular homotopy inside the interval [0, R] each singular knot indicates at least one crossing change in the diagram D φ(K) (in case of symmetric diagrams there may be two crossing changes taking place). Thus the number of singular knots before arriving at a diagram of an unknot is less than or equal to the number of crossing changes occurred before getting a knot diagram of an unknot. Thus the singularity index of the diagram D K is less than or equal to the unknotting number u(D K ) of the diagram D K . This completes the proof.
. . , N be the parametric values for which the crossings occur, i.e., f (s i ) = f (t i ) and g(s i ) = g(t i ). Suppose for some (s i , t i ) we have h(s i ) < h(t i ), i.e, (s i , t i ) is an under crossing. Then h(s
2
In this section, we compute the polynomial singularity index for few polynomial knots. This gives an estimate for the singularity index of these knots. We can compare the singularity index with the unknotting numbers.
1. Let us consider a polynomial representation of the trefoil knot which is the torus knot of type (2, Figure 2 . Figure 2 2. Consider a polynomial representation of the figure eight knot given by t → (t(t − 2)(t + 2), (t − 2.1)(t + 2.1)t 3 , −12.8064t + 22.4679t 3 − 8.90928t 5 + t 7 ). It has a knot diagram as shown in Figure 3 .
First we find that the double points in the projection t → t(t − 2)(t + 2), (t − 2.1)(t + 2.1)t
3 ) occur at (t 1 , t 2 ) = (−2.25, 1.57), (−2.10, .221), (−1.57, 2.25) and (−.221, 2.10). Consider the deformation φ s = t → (t(t − 2)(t + 2) + s, (t − 2.1)(t+2.1)t 3 +s, −12.8064t+22.4679t 3 −8.90928t 5 +t 7 +s 2 t). we see that for s ≥ 1.5 each φ s is an unknot (Figure 4 ). For each (t 1 , t 2 ) we write down the equations to find the singular value. In this case the (t 1 , t 2 ) = (−2.25, 1.57) and (−1.57, 2.25) will give identical equations with no real solution. Similarly the other two pairs give identical equation with one real solution s = 1.48 and hence there is only one singular knot corresponding to s = 1.48. Thus the singularity index of this diagram is 1 which is same as its unknotting number. Figure  6 (A) )from over crossing to under crossing and it is an unknot as shown in Figure 6 (B). In this example the singularity index of the diagram is less than the unknotting number. Figure 6 In the above examples there was just one solution for s if we compute at all the crossings which makes φ s a singular knot. In the next example we see that the singularity index may be smaller than the total number of values of s for which φ s is a singular knot. This is due to the fact that the knot diagram for φ s for s > s i may represent an unknot for s < s i+1 where s i and s i+1 are two consecutive singular values.
A B
4. Consider the knot 5 2 from Rolfsen's table. We have a polynomial representation t → ((t − 2)(t + 4)(t 2 − 9), t(t 2 − 6)(t 2 − 15), t(t + 3.9)(t + 3.5)(t + 2)(t + 1)(t − 2)(t − 2.8)(t − 3.2)(t − 3.65)) which gives a knot diagram as in Figure  7 . Figure 7 Here if we perform the calculations for singular values we obtain two solutions namely 9.69 and 15.12. However, the knot diagram for φ s for 9.69 < s < 15.12 represents an unknot if we perform Reidemeister Moves as shown in Figure  8 .
Here, we note that in this polynomial knot m 4 (h) < m 2 (h). In case we had a polynomial representation of the same diagram with m 2 < m 4 then the polynomial singularity index will be 2. Considering the minimum, the singularity index of this diagram is 1. 10 . This can be shown to be equivalent to unknot. Thus essentially there is just one singular knot before the diagram transforms into a diagram of an unknot. Hence the polynomial singularity index of this polynomial knot is 1 and therefore the singularity index of 6 2 knot is 1 which is same as its unknotting number. 
, h(t)) (say), which represents a knot diagram of the 7 4 knot in the Rolfsen's knot table, shown in Figure 11 . Figure 11 Let us compute the polynomial singularity index of this polynomial knot. (3, 4) . Figure 12 Let us compute the polynomial singularity index of this polynomial knot. 
We see that the equations (10), (11) and (14) do not have any real solutions. Also equation (8) is identical with equation (12) and equation (9) is identical with equation (15) and equation (13) have real solutions. Thus we have only three distinct equations which have real solution, one solution each in the interval [0, 6] giving the singularity index of this polynomial knot to be 3. This is same as the unknotting number of torus knot of type (3, 4) by Milnor's theorem.
Conclusion
This method provides us with an algorithm for obtaining a lower bound for unknotting number of a knot diagram if we have polynomial representations of the diagram. Looking at the examples discussed above, it is clear that in this method only the over crossings are switched to the under crossings. Thus if there are k over crossings, there are possible k! ways to order them. For each order σ we can find a polynomial h σ that realizes the order and in the deformation family corresponding to this representation after each singular knot when a crossing is switched we can examine the diagram and test for unknot by using the invariants that are unknot detectors such as Khovanov Homology. Thus we have to test for only k! deformation families. The one with least number of singular knots before arriving at a diagram for trivial knot gives the singularity index and the unknotting sequence. One can write a computer program for it.
